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Abstract ; fﬁq
Sharp lower bounds are derived for the P (nl, ™) = /hl Ty / /P(X/Cl) P(X/Cz) dx
divergence between two distributions and the probabil-
ities of misclassification of three decision rules. = [ P(X) V?(Cl/x) P(Cz/x) dx
The three decision rules considered are the optimal
Bayes rule, the nearest neighbour rule, and the "pro- =/ BX) o(X) dx, )
portional prediction" randomized decision rule. It is and wlP(X/Cl)
shown that the randomized rule yields a probability of  J(T1»Tp) = / [MP(X/C)) - m,P(X/C,)] log m,P&/C,) ¥
misclassification equal to the asymptotic nearest P(C. /X)
neighbour error rate. The bound between the Bayes = f P(X) [P(CI/X) - P(CZ/X] log ??61727 ax
error rate and the divergence is more general than the 2
= [ P(X) J(X) dX. (%)

Kullback bound and, unlike the latter, is distribution
free. The bounds are used to obtain sharp inequalities
between measures of probabilistic dependence between
features and classes in the multi-class pattern recog-
nition problem. The bounds lead to sharp inequalities
between the divergence and various information and
Finally,

the divergence is related to the least-mean-square-

distance measures found in the literature.
error design criterion in pattern recognition.

1. Introduction

Consider the two-category pattern class-
ification problem. Let P(X/Ci) denote the class-con-
ditional probability density function of the feature
1 i=1,2. The

Bhattacharyya coefficient and the divergence are def-

vextor X conditioned on the class C

ined, respectively, by

o = J JEIC) P/, dx e

and P(X/C,)
J =17 [P(X/Cl) - P(X/Cé)] log §T;ﬂ?3' dXx. (2)
£, 2

These measures are well known in the pattern recog-
nition literature [1] and are useful for feature sel-
ection when the underlying distributions are Gaussian
because they are much easier to evaluate than the error

probability.
1

Let class Ci

T i=1,2, ﬂl + T, = 1.

general measures than (1) and (2) above, as follows:

occur with a priori probability

It is useful to define more

It follows that p(1/2,1/2) =p/2 and J(1/2,1/2)=3/2. In
(3) and (4) P(X) is the mixture distribution and is
given by
P(X) = P(X/C;) my + P(X/Cy) m, .

In this paper, the divergence is related to the prob-
abilities of misclassification of three well known dec-—
ision rules. These relationships are important when
one would like to know what performance can be expect-
ed from a decision rule when features have been selec-
ted using the divergence. The first decision rule is
the optimal Bayes rule. Given a feature vector X from
some unknown pattern P, P is classified as belonging
to class c, if P(Ci/X) > P(Cj[x) , 1=1,2, i#j. This
rule gives the minimum possible probability of mis-
classification [2] which is given by

Pe =/ min [ P(X/Ci) LA ] dx , i=1,2

= [ P(X) min [ P(cllx), P(czlx) ] dx

=/ P(X) P (X) dX . (5)
The second decision rule considered here is the near-
est neighbour rule ( NN-rule). Let {X,0} =

{xl,el; X5,005 oee ; XN,ON} be the set of N pattern

samples available, where Xi and O, denote, respectiv-

i
ely, the feature vector or measurement information and

the label or classification information of the ith
It is assumed that each Gi associated
with Xi is the correct label, i.e., the pattern

pattern sample.

samples have been correctly pre-classified. Let
(xn,en) € {X,0} to be the sample nearest to the un=

known X. P is then classified as belonging to the

























