- 5 - dal polygons,”Information Processing Letters, vol. 31, June 1989, pp. 243-247.

[Ra88] J. D. Radke, “On the shape of a set of points,” inComputational Morphology, Toussaint, G. T., ed., North-Holland, 1988, pp. 105-136.

[SC91a] T.-H. Su and R.-C. Chang, “Computing the constrained relative neighborhood graphs and constrained Gabriel graphs in Euclidean plane,” Pattern Recognition, vol. 24, No. 3, 1991, pp. 221-230.

[SC91b] T.-H. Su and R.-C. Chang, “Computing the k-relative neighborhood graphs in Euclidean Plane,”Pattern Recognition, vol. 24, No. 3, 1991, pp. 231-240.

[Su83] K. J. Supowit, “The relative neighborhood graph, with an application to minimum spanning trees,”Journal of the ACM, vol. 30, No. 3, July 1983, pp. 428-448.

[To80a] G. T. Toussaint, “The relative neighborhood graph of a finite planar set,”Pattern Recognition, vol. 12, 1980, pp. 261-268.

[To80b] G. T. Toussaint, “Decomposing a simple polygon with the relative neighborhood graph,”Proceedings of the Allerton Conference, October 1980, pp. 20-28.

[To86] G. T. Toussaint, “Computational geometry and morphology,”Science on Form: Proc.

First International Symposium for Science on Form, S. Ishizaka, Ed., KTB Scientific Publishers, Tokyo, 1986, pp. 395-403.

[To88a] Toussaint, G. T., ed., Computational Morphology, North-Holland, 1988.

[To88b] Toussaint, G. T., “A graph-theoretical primal sketch,” inComputational Morphology, Toussaint, G. T., ed., North-Holland, 1988, pp. 229-260.

[Ur83] R. B. Urquhart, “Some properties of the planar Euclidean relative neighborhood graph,”Pattern Recognition Letters, vol. 1, July 1983, pp. 317-322.

[Ve92] R. C. Veltkamp, Closed Object Boundaries from Scattered Points, CIP-Gegevens Koninklijke Bibliotheek, Den Haag, 1992.

- 4 - for all the other proximity graphs discussed in this note.

5. References

[AGSS] A. Aggarwal, L. Guibas, J. Saxe, and P. W. Shor, “A linear time algorithm for computing the Voronoi diagram of a convex polygon,” Proc. 19th ACM Symposium on the Theory of Computing,1987, pp. 39-45.

[AH85] D. Avis and J. Horton, “Remarks on the sphere of influence graph,” inDiscrete Geometry and Convexity, Eds., J. E. Goodman et al., New York Academy of Sciences, 1985, pp. 323-327.

[ART87] A. Aggarwal, P. Raghavan, and P. Tiwari, “Lower bounds for closest pair and related problems in simple polygons,”IBM T. J. Watson Tech. Rept.,in press.

[AB85] P. F. Ash and E. D. Bolker, “Recognizing Dirichlet tessellations,”Geometria Dedicata, vol. 19, 1985, pp. 175-206.

[De88] L. Devroye, “The expected size of some graphs in computational geometry,”Computers & Mathematics with Applications, vol. 15, No. 1, 1988, pp. 53-64.

[ET88] H. A. ElGindy and G. T. Toussaint, “Computing the relative neighbor decomposition of a simple polygon,” in Computational Morphology, G. T. Toussaint, Editor, North- Holland, pp. 53-70.

[Fi92] L. H. de Figueiredo, “Computational morphology of implicit curves,” Instituto de Matematica Pura e Aplicada, Rio de Janeiro, Tech. Report. F-054, July 1992.

[GB78] A. Getis and B. Boots, Models of Spatial Processes: An Approach to the Study of Point, Line, and Area Patterns, Cambridge University Press, 1978.

[JK89] J. W. Jaromczyk and M. Kowaluk, “Constructing the relative neighborhood graphs in 3-dimensional Euclidean space,” manuscript 1989.

[JKY89] J. W. Jaromczyk, M. Kowaluk, and F. Frances Yao, “An optimal algorithm for constructing β-skeletons in Lp metric,” manuscript 1989.

[KR85] D. G. Kirkpatrick and J. D. Radke, “A framework for computational morphology,” in Computational Geometry, G. T. Toussaint, Ed., North-Holland, 1985, pp. 217-248.

[Le80] D. T. Lee, “Two dimensional Voronoi diagram in theLp metric,”Journal of the ACM, vol. 27, 1980, pp. 604-618.

[Mi70] R. E. Miles, “On the homogeneous planar Poisson point process,”Mathematical Biosciences, vol. 6, 1970, pp. 85-127.

[MS80] D. W. Matula and R. R. Sokal, “Properties of Gabriel graphs relevant to geographic variation research and the clustering of points in the plane,” Geographical Analysis, vol. 12, 1980, pp. 205-222.

[Ol89] S. Olariu, “A simple linear-time algorithm for computing the RNG and MST of unimo-

- 3 -

[pi, pj] lies in P. It is an open question whether this decomposition can be computed in o(n2) time

and neither is a super-linear lower bound known for this problem. However, under a slightly different visibility constraint Su and Chang [SC91a] are able to obtain an O(n log n) time algorithm for computing the RNG of a set of line segments. Clearly a simple polygon is a special case of a set of line segments and hence under their visibility constraint the RND of a simple polygon can be computed in O(n log n) time. Pankaj Agarwal has shown that their methods will also yield an O(n log n) algorithm for the RND as define by ElGindy and Toussaint[ET88].

1.2.2 Special classes of polygons

The fastest known algorithm [ET88] for computing the RND of a simple polygon is O(n2). On the other hand, for convex polygons the RND can be computed in O(n) time [Su83], and so can the Delaunay triangulation [AGSS]. However, it is shown in [ART87] that O(n log n) is a lower bound for computing the Delaunay triangulation on the vertices of astar-shaped ormonotone polygon. It is unknown whether any other proximity graphs can be computed in linear time for the case of convex polygons. Furthermore, for most proximity graphs it is unknown whether they can be

computed in o(n2) time for special classes of simple polygons such as star-shaped, monotone or unimodal polygons. For unimodal polygons the RNG and MST can be computed in O(n) time [Ol89]. It is unknown whether the Delaunay triangulation on the vertices of a unimodal polygon can be computed in linear time.

2. Recognizing Proximity Graphs

One area as yet almost totally unexplored concerns the question of the recognition of proximity graphs. The only known result concerns Delaunay triangulations. Given a triangulation T of a set of n points, Ash & Bolker [AB85] have shown that whether T is a Delaunay triangulation can be determined in O(n) time.

3. Graph Theoretic Properties of Proximity Graphs

Another area which has received little attention concerns the determination of graph theoretical properties of proximity graphs. The only proximity graphs which have been carefully examined are the Gabriel graph [MS80] and the RNG [Ur83].

4. Probabilistic Properties of Proximity Graphs

Yet another area which has received little attention concerns the determination of probabilistic and statistical properties of proximity graphs. The only proximity graphs which have been carefully examined are the Delaunay triangulation, the Gabriel graph, and the RNG. Miles [Mi70] has done considerable work on the probability distribution of random variables describing characteristics of the Delaunay triangulation. See also Getis & Boots [GB78]. Devroye [De88] obtains a variety of results concerning the expected number of edges in proximity graphs such as the Gabriel graph, the RNG and several types of nearest neighbour graphs. No results of this type are known

- 2 - polygonal approximation of curves see [Fi92] and [Ve92].

1.1.2 The Relative Neighborhood Graph

In [JK89] it is shown that the RNG in 3-space can be computed in O(n2 log n) time and

O(μ3(S)) space where μ3(S) denotes the size of RNG(S). It is an open question whether this upper

bound can be improved. It is also not known how largeμ3(S) can be over all instances of S. Denote this value by μ3(n). It is shown in [JK89] that μ3(n) = O(n(3/2)+c) where c is a positive constant and they conjecture that μ3(n) = O(n).

1.1.3 β-Skeletons

In [KR85] it was shown that lune-basedβ-skeletons withβ > 1 could be computed in O(n2) time. In [JKY89] it is shown that lune-basedβ-skeletons with 1≤ β ≤ 2 can be constructed in linear time from the Delaunay triangulation in any Lp metric. The Delaunay triangulation in any Lp metric can be computed in O(n log n) time [Le80]. It is an open question whether for β > 2 these skeletons can be computed in o(n2) time.

1.1.4 The Sphere of Influence Graph Avis and Horton [AH85] showed that the number of edges in the sphere-of-influence graph is bounded above by 29n. The best upper bound to date is 17.5. This follows from a lemma of Bateman in geometrical extrema suggested by a lemma of Besicovitch (Geometry, May 1951, pp. 667- 675) and an observation of Kachalski. Bateman’s lemma gives 18n and Kachalski’s trick reduces it by.5. The same trick reduces Avis & Horton’s bound by.5. David Avis conjectures that the best upper bound is 9n.

1.2 Polygon decomposition 1.2.1 Simple polygons The problems of decomposing simple polygons into various types of more structured polygons have a number of practical applications and have received considerable attention recently from the theoretical perspective. See [To88a] for several papers discussing recent issues. In pattern recognition it is desired to obtain decompositions into meaningful parts. The so-called componentdirected methods decompose the polygon into well established classes of simpler polygons such as convex or star-shaped polygons. These decompositions are satisfactory from the morphological point of view only rarely. Another approach which may be superior is to use procedure-directed methods based on proximity graphs. In [To80b] it was proposed to use the relative-neighbour decomposition (RND) of a simple polygon P of n vertices and an O(n3) time algorithm for its computation was given. ElGindy and Toussaint [ET88] reduced this complexity to O(n2). Two vertices pi and pj of a simple polygon are relative neighbours if their lune contains no other vertices of P that are visible from either pi or pj. Two vertices pi and pj are said to be visible if the line segment

- 1 -

Some Unsolved Problems on Proximity Graphs *

Godfried T. Toussaint School of Computer Science McGill University 3480 University Street Montreal, Quebec CANADA H3A 2A7

ABSTRACT

Recent developments in the field of computational morphology (spatial and cluster analysis, computer vision, pattern recognition, computational perception, etc.) are making ever increasing use of proximity graphs. Thus it becomes increasingly relevant to understand the properties of such graphs as well to design efficient algorithms for their computation. In this note we mention some open problems in this area.

1. Computational Morphology

1.1 The Shape of a Set of Points

1.1.1 Introduction

One of the central problems in shape analysis is extracting the shape of a set of points. Let S={x1, x2,..., xn} be a finite set of points in the plane. The relative neighborhood graph (RNG)

[To80a] and theβ-skeletons [KR85] are two structures that have been well investigated in this context. The RNG is obtained by joining two points xi and xj of S with an edge if Lune(xi, xj) does

not contain any other points of S in its interior. Lune(xi, xj) is defined as the intersection of the two

discs centered at xi and xj with radius equal to the distance between xi and xj. One of the best

known proximity graphs on a set of points is the Delaunay triangulation (DT) and it is well known that the DT is a supergraph of the RNG [To80a]. The β-skeletons are a generalization of RNG’s and Gabriel graphs and the lune-based neighborhoods in question are a function of a parameter β. In [To88b] a new graph termed the sphere-of-influence graph is proposed as a primal sketch intended to capture the low-level perceptual structure of visual scenes consisting of dot-patterns (point-sets). The graph suffers from none of the drawbacks of previous methods and for a dot pattern consisting of n dots can be computed efficiently in O(n log n) time. For a survey of the most recent results in this area see the paper by Radke [Ra88]. For applications of proximity graphs to

* Presented at the First Workshop on Proximity Graphs, Las Cruces, New Mexico, December 1989.